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Physical Angular Momentum Separation for QED
Weimin Sun∗
School of Physics, Nanjing University, Nanjing 210093, China
We study the non-uniqueness problem of the gauge-invariant angular momentum separation for
the case of QED, which stems from the recent controversy concerning the proper definitions of the
orbital angular momentum and spin operator of the individual parts of a gauge field system. For
the free quantum electrodynamics without matter, we show that the basic requirement of Euclidean
symmetry selects a unique physical angular momentum separation scheme from the multitude of
the possible angular momentum separation schemes constructed using the various Gauge Invariant
Extentions. Based on these results, we propose a set of natural angular momentum separation
schemes for the case of interacting QED by invoking the formalism of asymptotic fields. Some
perspectives on such a problem for the case of QCD are briefly discussed.
PACS number: 03.70.+k, 11.90.+t
The angular momentum separation for a gauge field
system (both QCD and QED) is a hot problem in recent
years and has attracted the attention of many researchers
in the spin physics community. In this study, quite many
different angular momentum separation schemes for QCD
(and also QED) has been proposed for different purposes.
This plurality of angular momentum separation schemes
is a phenomenon existing at the present time. In this arti-
cle we shall analyze this issue from a fundamental point
of view and provide a natural physical answer to this
non-uniqueness problem in the case of QED, and based
on these understanding, describe some possible perspec-
tives of this problem for the case of non-abelian gauge
theory.
This problem first shows its appearance in classical
electromagnetism. In classical electromagnetism the an-
gular momentum of a free electromagnetic field has the
explicit expression
J =
∫
d3x(Eix×∇Ai +E×A)
= L+ S, (1)
in which a split into OAM and spin parts is clearly shown.
Such a separation explicitly involves the gauge potential
Aµ and is thus gauge-dependent. In the recent hot discus-
sion on the nucleon spin structure problem [1, 2], a very
natural way out of this gauge non-invariance difficulty is
found, that is, by invoking the concept of gauge invari-
ant extention (GIE), one can make the apparent gauge-
dependent L and S into a gauge-invariant one. This
idea is physically very appealing and has been widely
used in the construction of OAM and spin operators of
gauge particles (gluon and photon) and Dirac fermions
(quark and electron) in the context of studying internal
spin structure of bound states in both QCD and QED.
Unfortunately, such a natural physical idea has led to a
proliferation of possible angular momentum separation
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schemes of both QCD and QED [1, 2]. Some experts in
this field even believe that this plurality of angular mo-
mentum separation schemes is a natural outcome of the
nontrivial interactions of the gauge field system. Physi-
cally speaking, this viewpoint is rather doubtful: if this
is correct, then does it mean that the separation of the
total angular momentum of a gauge field system into
the contributions of its constituent fields is a dynamics-
dependent (or interaction-dependent) problem, and the
solution to this problem is intrinsically non-unique? In
this article, we shall analyze this non-uniqueness problem
for the simplest case, that is, the free abelian quantum
electrodynamics without matter, and we will find that,
in this simplest theory, the answer to this problem is very
simple and essentially unique.
First let us recall the concept of GIE, and we shall ex-
plain the physical essence of this concept using a more
direct and transparent language which differs somewhat
from the one adopted in the present literature of nucleon
spin structure study. The simplest and most basic ex-
ample of the GIE is the Coulomb gauge one. Here, we
introduce this object using a natural physical language:
the Coulomb gauge GIE AµC is a gauge-invariant object
which gives the full field strength Fµν just as the origi-
nal Aµ does, and at the same time satisfies the condition
∂iAiC = 0, that is, this A
µ
C is the solution of the following
simultaneous equations [3]:
{
∂µAνC − ∂
νAµC = F
µν
∂iAiC = 0.
It can be shown that under the natural boundary condi-
tion that Fµν and AµC vanish sufficiently rapidly at spa-
tial infinity, the above equation has a unique solution
which reads: AµC =
1
∇2 ∂
iF iµ = Aµ + ∂µ∇·A∇2 . For a
free electromagnetic field, one has AµC = (0,A⊥), which
clearly shows the physical essence that AµC represents A
µ
in the Coulomb gauge by a gauge-invariant expression.
The above example shows the general construction of
a GIE. The procedure consists in two steps. First, one
chooses an arbitrary ”gauge condition” F [A] = 0, then
we define the corresponding GIE AµF to be a gauge-
2invariant object which satisfies the following two require-
ments:
{
∂µAνF − ∂
νAµF = F
µν
F [AF ] = 0,
Mathematically, the construction of such an AµF is struc-
turally equivalent to selecting a gauge potential Aµ which
satisfies the given gauge condition F [A] = 0, and any
such AµF can be regarded as representing a given A
µ in
the gauge F [A] = 0 in a gauge-invariant manner. When
the condition F [A] = 0 uniquely fixes the gauge, the con-
struction of AµF will be unique, otherwise, one has a whole
set of AµF corresponding to the gauge condition F [A] = 0.
Then, how to construct such an AµF ? First we note
that AµF is a gauge invariant object by its very defi-
nition, hence it can be expressed in terms of the field
strength tensor Fµν . This is actually a simple conse-
quence of the following natural mathematical fact: if
a functional Φ[Aµ] is gauge-invariant, then it can al-
ways be expressed in terms of the field strength tensor
Fµν . This mathematical fact itself can be established
by the following simple reasoning. For a gauge-invariant
functional Φ[Aµ], one has Φ[Aµ] = Φ[Aµ + ∂µθ] ∀θ.
Then, for any Aµ, one can introduce the accompanying
Coulomb gauge GIE AµC = A
µ+∂µ∇·A∇2 , and one then has
Φ[Aµ] = Φ[Aµ + ∂µ∇·A∇2 ] = Φ[A
µ
C ] = Φ[
1
∇2 ∂
iF iµ], which
proves our assertion. With this fact known, one should
write AµF (x) = f
µ[F ρσ ;x]. Then, how are two different
GIEs related to each other? For the case of an abelian
gauge theory, such a relation is very natural and simple.
Suppose we are given two GIEs A
µ(1)
GIE (x) and A
µ(2)
GIE (x).
Since they yield the same field strength Fµν , they neces-
sarily differ by a four-gradient term, which itself should
be gauge-invariant:
A
µ(1)
GIE (x)−A
µ(2)
GIE (x) = f
µ(1)[F ρσ;x]− fµ(2)[F ρσ;x]
= ∂µf(x). (2)
With this fact being established, one can derive a general
expression for any GIE corresponding to a linear gauge
condition. The recipe is very simple. Suppose we try to
construct a GIE satisfying some linear condition PµA
µ
P =
0. We could first choose some specific GIE as an initial
one, then construct AµP by invoking the above relation
and its defining condition. Here we choose the Coulomb
gauge GIE as the initial one. Then this AµP necessarily
differs from AµC by a four-gradient term
AµP = A
µ
C + ∂
µf, (3)
which yields the following relation
PµA
µ
P = PµA
µ
C + P · ∂f = 0. (4)
From this one can solve for f
f(x) = −
1
P · ∂
PµA
µ
C(x) + f0(x), (5)
where the inverse operator 1
P ·∂ is determined using some
specific boundary condition, and f0 = f0[E,B;x] is an
arbitrary solution of the homogeneous equation P ·∂f0 =
0, which itself depends functionally on E and B owing to
its gauge-invariance. Therefore, the GIE we seek has the
following general expression:
AµP (x) = A
µ
C(x)−∂
µ 1
P · ∂
PµA
µ
C(x)+∂
µf0[E,B;x], (6)
with f0(x) = f0[E,B;x] satisfying P · ∂f0(x) = 0. The
last term ∂µf0 present in (6) apparently reflects the resid-
ual gauge freedom in the linear gauge PµA
µ = 0.
With such a GIE construction, one immediately ob-
tains a new separation of the electromagnetic angular
momentum
J =
∫
d3x(Eix×∇AiF +E×AF )
= LF + SF , (7)
which has a formally gauge-invariant appearance. Since
there could exist infinitely many GIEs, one could con-
struct infinitely many separations of this kind. This is
the problem of proliferation of angular momentum sep-
aration schemes in the present literature, which reflects
itself in this simple abelian gauge theory of electromag-
netism.
Now, let us come back to the main problem: does the
plurality of the gauge-invariant angular momentum sep-
aration scheme reflect an intrinsic arbitrariness of the
physical definition of OAM and spin operator in a gauge
theory, or is this apparent non-uniqueness of angular mo-
mentum separation scheme only a mathematical artifact,
which arises due to our unconscious ignorance of some
basic physical principles? We will show that, in a free
electromagnetic field theory, the correct definition of the
OAM and spin operator is uniquely determined by some
basic physical considerations. However, before we turn
to this issue, let us see a related problem, that is, the
commutation relation of the photon spin operator, which
is still a problem under discussion in the present liter-
ature. In this discussion, we will use the basic physical
requirements such as the Euclidean symmetry as a guide.
First let us analyze in a general manner how to sepa-
rate the angular momentum operator of a free relativis-
tic particle into the OAM and spin parts. Mathemati-
cally, a free relativistic particle of mass m corresponds to
a definite infinite-dimensional unitary representation of
the Poincare´ group, with the one-particle quantum state
space being the corresponding carrier space of the rep-
resentation. Among the 10 generators of the Poincare´
group, the three rotation generators Ji (i = 1, 2, 3) and
the three spatial translation generators Pi (i = 1, 2, 3)
constitute the 6 generators of the Euclidean subgroup
E(3). In the general discussion of the physical feature of
a free relativistic particle, invariance under spatial trans-
lations and rotations (Euclidean symmetry) is a natural
starting point for a physical investigation. In this article,
3we try to understand and analyze the angular momen-
tum separation problem from this viewpoint. Physically,
if one tries to split the rotation generator for this par-
ticle into the contributions of the OAM and spin parts:
Ji = Li + Si, then the requirement of Euclidean symme-
try will entail that: (1) both L and S are vector operator
under spatial rotations; (2)the three components of the
spin operator S necessarily commute with the translation
generators: [Si, Pj ] = 0. These two requirements stem
from basic physical considerations. In order to make our
discussion more transparent, we add one more require-
ment: the six operators Li and Si(i = 1, 2, 3) span a
closed Lie algebra among themselves:
[Si, Sj] = icijkSk + idijkLk, (8)
[Li, Lj] = ic
′
ijkSk + id
′
ijkLk, (9)
[Si, Lj] = ic
′′
ijkSk + id
′′
ijkLk. (10)
This condition is a mathematical one which facilitates our
discussion, but it is also natural from a physical point of
view. These three requirements are our basic starting
point to study the angular momentum separation prob-
lem.
Now, we will show that, the above three requirements
actually imply that the three components of the spin
operator span a closed Lie algebra among themselves.
We demonstrate this point in the following steps. First,
from the two commutation relations [Ji, Pj ] = iǫijkPk
and [Si, Pj ] = 0 we have [Li, Pj ] = iǫijkPk. Then, sub-
stituting (8) into the relation [Pl, [Si, Sj ]] = 0 gives
[Pl, cijkSk + dijkLk] = 0, (11)
which implies dijkǫklmPm = 0. This immediately gives
dijkǫklm = 0, which implies dijk = 0. Hence, Si(i =
1, 2, 3) span a closed Lie algebra among themselves
[Si, Sj] = icijkSk.
Then, what is the possible form of the spin operator
commutation relation? We use Euclidean symmetry to
find the answer. We note that S is a vector operator,
hence one has the following operator transformation rule:
U(R)SiU
−1(R) = (R−1)ijSj , with R being a rotation
matrix and U(R) the corresponding rotation operator.
Performing the operation U(R) · · ·U−1(R) on both sides
of the equation [Si, Sj ] = icijkSk, one has
U(R)[Si, Sj ]U
−1(R) = (R−1)im(R−1)jn[Sm, Sn]
= (R−1)im(R−1)jnicmntSt
= icijk(R
−1)ktSt, (12)
which yields a numerical relation
(R−1)im(R−1)jncmnt = cijk(R−1)kt = cijkRtk, (13)
and from this one obtains
(R−1)im(R−1)jn(R−1)stcmnt = cijk(R−1)stRtk = cijs.
(14)
This shows that cijk should be a third-order numerical
tensor under spatial rotations, hence it must be propor-
tional to the Levi-Civita tensor ǫijk, and consequently
the spin operator commutation relation takes the form:
[Si, Sj ] = iκǫijkSk.
The remaining problem is then to find all possible val-
ues of the constant κ from physical considerations. To
this end, let us impose one more natural requirement:
L · P = 0, which accords with the intuitive physical
picture that L represents the orbital part of the angu-
lar momentum of the particle. This immediately gives
J ·P = S ·P. Then, using the previous results, we obtain
the following two commutator relations
[J ·P, Si] = [JkPk, Si] = [Jk, Si]Pk = iǫijkSjPk, (15)
[S ·P, Si] = [SkPk, Si] = [Sk, Si]Pk = iκǫijkSjPk. (16)
The equality of the above two commutators then implies
S×P = κ S×P. Hence, there are two possibilities: (1)
S × P 6= 0 and κ = 1; (2) S × P = 0. In the first case,
the spin operators obey the standard angular momentum
algebra: [Si, Sj ] = iǫijkSk. In the second case, after some
direct calculation, one obtains
[(S×P)m, Si] = iκ(SmPi − δmiS ·P) = 0, (17)
which implies κ = 0, and hence the three components of
the spin operator commute: [Si, Sj ] = 0. Therefore, for
a free relativistic particle, its spin operator commutation
relation could have only two possible forms: [Si, Sj ] =
iǫijkSk or [Si, Sj ] = 0.
After establishing this mathematical fact, let us turn to
the case of the photon spin operator. Physically, exper-
imentally observed photons only have transverse polar-
izations. Mathematically, the physical one-photon sector
is a carrier space of an infinite-dimensional representa-
tion of the Poincare´ group, whose basis could be taken
as the set of improper vectors |k, λ〉. For a massless pho-
ton, there is no rest frame, and it is a well-known fact
that the irreducible representation of the massless pho-
ton state is characterized by E(2) symmetry, which is
a rotational symmetry with respect to the propagation
direction of the photon. As was said in [4], the only
frame-independent notion of spin in the gauge theory
for a massless particle is the helicity which can be de-
scribed within the framework of the little group E(2)
of the Lorentz group. In an unpublished preprint [5]
we show that on the physical one-photon sector it is
not possible to define a one-photon spin operator which
obeys the usual angular momentum algebra. The essen-
tial idea of the argument in [5] is like this. If a set of one-
photon spin operators obeying the commutation relation
[Si, Sj ] = iǫijkSk could be defined, then one can con-
struct the raising and lowering operators S± = S1 ± iS2.
Let us then consider a specific state vector |k, λ = +1〉
which represents a photon moving along the z-direction
with helicity +1. Acting the lowering operator S− on this
vector produces a new state vector S−|k, λ = +1〉 which
4can be easily shown to be nonzero. This new state vector
will then represent a photon moving along the z-direction
but with helicity zero, thus contradicting the fact that the
physical one-photon sector only contains transverse pho-
tons. This fact, together with our previous mathematical
fact, shows that a set of photon spin operators defined on
the physical one-photon sector should necessarily satisfy
the commutation relation [Si, Sj ] = 0. Here, it should
be mentioned that, in 1994, Van Enk and Nienhuis [6]
investigated the problem of spin and OAM of photon in
the framework of second quantized electromagnetic field
theory in the Coulomb gauge, and obtained an explicit
form of the second quantized photon spin and OAM op-
erators which they call Srad and Lrad (the construction
of these operators will be mentioned below when we dis-
cuss the decomposition of total angular momentum op-
erator of free quantum electromagnetic field in Coulomb
gauge). By its explicit expression these authors demon-
strate that the second quantized Srad operator satisfies
the commutation rule [Srad i, Srad j ] = 0, whereas the
usual quantum-mechanical spin operator for a spin-one
particle, which is defined as (Sˆk)ij = −iǫijk and acts on
classical field modes, satisfies the standard angular mo-
mentum algebra [Sˆi, Sˆj ] = iǫijkSˆk. In our above analysis,
using the requirement of Euclidean symmetry and some
additional mathematical assumptions, we determine that
the photon, as a relativistic particle, could only have
two possible types of spin operator commutation rela-
tions, and furthermore, using the massless feature of the
photon, we argue that the physical photon spin operator
should satisfy the commutation relation [Si, Sj ] = 0.
The concrete construction for such a one-photon spin
operator was first proposed by the researchers in the op-
tics community. In Ref. [7], the authors give the fol-
lowing explicit construction: Sˆ′ = κ(κ · Sˆ), with Sˆ being
the usual spin operator for a spin-one particle mentioned
above and κ = k/|k|. This construction has also been
described by us in [5] starting from a natural physical
definition for the photon spin: Sphys|k, λ〉 = λ
k
|k| |k, λ〉.
These two constructions are in fact identical with each
other, hence showing that the construction of the quan-
tum mechanical one-photon spin operator indeed has a
physically satisfactory answer.
With these facts being understood, we turn to the main
problem we are to discuss, that is, how to construct a
proper OAM and spin operator for a free quantum elec-
tromagnetic field? First, as we discuss above, in such
a problem the requirement of Euclidean symmetry plays
a essential role. In a Euclidean-invariant quantum field
system, the construction of the OAM and spin operator
should respect the basic requirement of Euclidean sym-
metry. In our case of a free quantum electromagnetic
field, we need to impose the following two requirements:
(1) the OAM and spin operator are vector operators un-
der spatial rotations; (2) the three components of the
spin operator commute with the spatial translation gen-
erators. These two requirements are structurally equiva-
lent to the corresponding ones for a single free relativistic
particle, but now should be understood as an operator re-
lation on the whole photon Fock space. For our case of
the free electromagnetic field, we should also impose one
more requirement: the photon spin operator defined on
the whole photon Fock space should coincide with the
one-photon spin operator when restricted to the physi-
cal one-photon sector. These three requirements are our
basic premise for the discussions to follow.
The discussion is then rather straightforward. We first
note that the whole formulation of the quantized electro-
magnetic field theory should respect the requirement of
Euclidean symmetry. This means that the quantization
procedure should be formulated in a Euclidean-covariant
gauge. Two basic quantization formalism of the free elec-
tromagnetic field are the Coulomb gauge quantization
and the Gupta-Bleuler (GB) formulation, both of which
are Euclidean covariant. The Coulomb gauge choice has
the merit of only producing physical transverse photons
in its Fock space, and we shall first discuss our problem
in this gauge choice. When everything is clearly under-
stood in this way, we will then turn to discuss the same
problem in the GB formulation.
Now, we first see the Coulomb gauge choice. In this
gauge, only the transverse component A⊥ plays a dy-
namical role and is quantized, the A0 component simply
vanishes and hence does not appear. The angular mo-
mentum operator takes the following appearance
J =
∫
d3x(Eix×∇Ai⊥ +E×A⊥)
= L+ S, (18)
where a usual separation into OAM and spin parts is
explicitly shown. Classically, such a separation scheme is
obtained using the Coulomb gauge GIE and hence it is
gauge-invariant. Now, this separation naturally satisfies
the requirements of Euclidean symmetry: both L and S
are vector operators, and the spin operator S commutes
with the translation generator: [Si, Pj ] = 0. A further
notable property of this separation is that both L and
S are conserved. Then, how is this separation connected
with the OAM-spin separation of the one-photon angular
momentum operator? To see this, we use the plane wave
expansion of the A⊥ operator to make the calculation
and find
S =
∫
d3k
(2π)3
∑
λ=±1
λ
k
|k|
a†
k,λak,λ, (19)
with a†
k,λ and ak,λ being the photon creation and anni-
hilation operators. Such an S is an operator acting on
the whole photon Fock space H =
∞⊕
n=0
Hn, and has the
following explicit action on the many-photon states:
S|0〉 = 0
Sa†
k,λ|0〉 = λ
k
|k|
a†
k,λ|0〉
· · · · · ·
5Sa†
k1,λ1
· · ·a†
kn,λn
|0〉 =
( n∑
i=1
λi
ki
|ki|
)
a†
k1,λ1
· · · a†
kn,λn
|0〉(20)
Thus, the operator S coincides with the one-photon spin
operator Sphys on the one-photon sector: Sphys = S|H1 ,
and it obeys the commutation rule [Si, Sj ] = 0, since
each component of this operator is a superposition of
particle-number operators. In this sense, the operator S
appearing in the separation (18) is a natural extension of
the one-photon spin operator Sphys to the whole photon
Fock space. Therefore, we can say that the separation
(18) provides a physically satisfactory definition of the
OAM and spin operator for the free electromagnetic field.
Then, how about other angular momentum separa-
tions obtained using a different GIE construction? First,
we note that, similar to its classical counterpart, the
quantum angular momentum operator (18) is kept in-
variant under an arbitrary operator-valued gauge trans-
formation: AµC → A
µ
C + ∂
µf , hence using any specific
(operator-valued) GIE AµF we can construct a new angu-
lar momentum separation:
J =
∫
d3x(Eix×∇AiF +E×AF )
= LF + SF . (21)
Thus, we could construct infinitely many angular mo-
mentum operator separations, all of which are gauge-
invariant. Then, can all these angular momentum sep-
aration schemes be physically acceptable? The crucial
point is the Euclidean symmetry, which we shall discuss
in detail below.
First, we shall restrict ourselves to considering GIEs
defined by a linear condition. This is mainly for the pur-
pose of simpicity. Suppose we look at a GIE AµP satisfy-
ing some linear condition PµA
µ
P (x) = 0. Then, Euclidean
symmetry requires that the condition PµA
µ
P (x) = 0 be
a Euclidean invariant one. In fact, the spin operator
SP has the form of a volume integral of a local density:
SP =
∫
d3xE × AP , hence the global requirements im-
posed on the SP operator entail that AP (x) be a three-
vector field and transform in the same way asA⊥(x) does
under spatial translations. The GIE operator AP (x) can
be constructed in the following way:
AiP (x) = A
i
⊥(x)+∂
i 1
P 0∂0 + P i∇i
P iAi⊥(x)+∂
if0[E,B;x],
(22)
where f0(x) is an operator-valued function satisfying P ·
∂f0(x) = 0. Hence, the global structure of the above
construction shows that the GIE condition PµA
µ
P (x) = 0
should be Euclidean invariant, i.e., the P 0 component
be a rotational scalar, the P i components form a three-
vector, and all the four components of Pµ have no explicit
xµ dependence, so that the above requirements on the
GIE operator AP (x) could be satisfied.
The Coulomb condition ∇ · AC = 0 meets this re-
quirement, but it only involves the spatial vector poten-
tial. Generally speaking, a GIE condition should also
contain the A0 component. If we assume the GIE con-
dition PµA
µ
P (x) = 0 to be Euclidean invariant and do
not contain differential operations higher than first or-
der, then all the possible forms of this GIE condition can
be listed below: (1) A0 = 0, (2) ∂
∂t
A0 + κ∇ ·A = 0 (κ
is a dimensionless constant), (3) A0 + 1
M
∇ · A = 0 (M
is an arbitrary mass scale). The first form defines the
so-called temporal gauge GIE, which will be examined
closely below. The second form is structurally similar to
the usual Lorenz condition, and will be examined when
we gain enough insight from the discussion of the tem-
poral gauge GIE case. The third form looks somewhat
peculiar, and there is an arbitrary mass scale contained
in it. As will be seen in the discussion below, it is physi-
cally unnatural to permit an arbitrary mass scale to enter
into the definition of the basic observables of the system,
such as L and S operator of a free electromagnetic field,
hence it is unnecessary to consider such a GIE condition.
Here, we also remark that in the discussion of the photon
spin decomposition problem, other popular GIEs, such as
those based on the light-cone (LC) gauge A+ = 0 and the
spatial axial gauge A3 = 0, are also used. In this article,
we restrict ourselves to considering those GIE conditions
that satisfy the E(3) symmetry, and hence only consider
the above-mentioned GIE conditions.
Now, we first consider the temporal gauge GIE con-
struction. Using the expression (6) one can obtain the
following general form of the temporal gauge GIE:
AµT (x) = A
µ
C(x) + ∂
µf0[E,B;x], (23)
where f0 is an arbitrary gauge-invariant object satisfying
∂
∂t
f0[E,B;x] = 0. With such an A
µ
T operator, one can
obtain a new angular momentum operator separation
J =
∫
d3x(Eix×∇AiT +E×AT )
= LT + ST . (24)
Therefore, we can have a class of gauge-invariant separa-
tion schemes, the Coulomb gauge one being just a special
member of this class. Now, we argue that any separation
scheme in this class that differs from the Coulomb gauge
one is physically unacceptable because some basic physi-
cal requirements cannot be satisfied. We will explain this
issue from the following three aspects.
The first point is about fundamental physical under-
standing. As we see above, in the Coulomb gauge separa-
tion (18) both L and S are conserved. This nice property
is an inherent feature of Coulomb gauge separation and
should be preserved in any other possible angular mo-
mentum separation scheme. Now, if we check this point
for a general temporal gauge separation scheme (24), we
will find that this nice property is lost. In fact, using
the Maxwell equation for the A⊥ operator, we obtain
(ignoring any operator ordering problem at the moment)
dST
dt
=
∫
d3x∇2f0 ·B, (25)
6which clearly demonstrates our statement.
The second point concerns the concrete physical con-
struction. We first note that the Euclidean transforma-
tion property of the AT operator entails the correspond-
ing transformation rules for f0[E,B;x]: f0 is a rotational
scalar and transforms properly under spatial translations.
These conditions put rather strong constraints on the
construction of f0. In the simplest case, if one assumes
f0[E,B;x] to be linear in E and B, then f0 should be
constructed using the following two expressions or be a
linear superposition of them:
f0(x) =
∫
d3y(x− y)if(|x− y|)Ei(y, t0) (26)
f0(x) =
∫
d3y(x− y)if(|x− y|)Bi(y, t0), (27)
where f(r) is an arbitrary numerical function and t0
some specific instant of time. However, it can be shown
that the above two expressions actually vanish due to
the transverse character of E and B (this is apparent
from the rotational invariance of f(r) and the convolu-
tion structure of these two expressions). Physically this
is just a reflection of the simple fact that one cannot con-
struct a rotational scalar (which also transforms properly
under spatial translations) using one single three-vector
field E or B. Therefore, f0[E,B;x] should be at least
quadratic in E and B. We will argue that in this case
an arbitrary mass scale (or mass parameter) necessar-
ily enters into the expression of f0, and hence is intro-
duced into the definition of the fundamental observables
L and S. Here, we will use a simple example to explain
this point. In this example, we suppose f0 only contains
terms quadratic in E and B, then all possible forms of f0
can be written down using the symmetry property con-
straints. To simplify our discussion, we further assume
that f0 is constructed in terms of the following three lo-
cal rotational scalars: E2, B2 and E · B. Since the last
object E ·B is a pseudoscalar, it is actually not allowable
in the construction of f0, which should yield a polar vec-
tor field AT (x) to ensure the axial-vector nature of the
resulting spin operator. In the simplest case, f0 can be
a local field, for instance, f0(x) ∼ E
2(x, t0), while in the
general case, it can have the following two possible forms
or be a linear superposition of them:
f0(x) =
∫
d3yf(|x− y|)E2(y, t0) (28)
f0(x) =
∫
d3yf(|x− y|)B2(y, t0), (29)
where f(r) is some suitable numerical function. Now, f0
should be a dimensionless object to ensure that AT have
mass dimension one, as required by the natural mean-
ing of a GIE. In the simplest case, if one assumes, for
instance, f0(x) ∼ E
2(x, t0), then due to dimensional rea-
sons one should actually write f0(x) ∼
E
2(x,t0)
M4
, thus an
arbitrary mass scale M enters into the expression of f0.
When f0 has a more general form given by the integral ex-
pressions (28) and (29), one can also show that the same
thing happens. The demonstration is actually quite sim-
ple. In fact, if we look at our whole construction from the
point of view of classical electromagnetism, then every-
thing can be clearly seen. In classical electromagnetism,
the total field energy of the system is required to be finite:∫
d3x
1
2
(E2 +B2) < +∞, (30)
which entails the following asymptotic behaviours for E2
andB2: E2(x) ∼ 1
r3+ǫ
, B2(x) ∼ 1
r3+ǫ
as r →∞. Now, let
us assume the following asymptotic behaviour for f(r):
f(r) ∼ 1
rα
as r → ∞. Then the convergence of the two
integrals in (28) and (29) entails α ≥ 0. In this case,
the overall length dimension of the integral expressions
(28) and (29), which is 1[L]1+α , must be nonzero, hence
some mass scale must be introduced into the construction
of f0. The above analysis is quite typical, and one can
be convinced that such a conclusion holds in the general
case. Thus, in a general temporal gauge separation (24),
it is inevitable that a mass scale has been introduced into
the definition of L and S. However, this is absolutely un-
natural from a physical point of view, because the funda-
mental Lagrangian density of a free electromagnetic field
contains no free mass parameters, and as a consequence,
the definition of the fundamental observables of the sys-
tem, such as the OAM and spin operator, should not
involve any extrinsic mass parameter whose value could
be adjusted at will, otherwise, the whole formalism would
be totally arbitrary. Therefore, a temporal gauge sepa-
ration scheme (24) cannot provide a physically correct
definition of the OAM and spin operator for a free elec-
tromagnetic field, unless it coincides with the Coulomb
gauge one.
The third point is actually quite simple but very per-
suasive. If the AT operator contains quadratic or higher
terms in E and B (or even it is some highly nonlinear
expression involving E and B), then the resulting spin
operator ST =
∫
d3xE×AT will generally contain terms
that cannot leave the one-particle sector invariant. In
this case, the restriction of ST on the one-photon sector
will no longer coincide with the one-photon spin opera-
tor Sphys and thus completely loses its natural physical
explanation as the spin operator for free photons. The
above analysis shows that in the whole class of temporal
gauge separations (24), only the Coulomb gauge one with
AT = A⊥ can serve to provide a physically acceptable
angular momentum separation scheme.
With the above discussion, we reach the conclusion
that among the whole class of temporal gauge separation
schemes, only the Coulomb gauge one is the physically
satisfactory choice. Then, let us see the second GIE form
defined by the condition ∂
∂t
A0+κ∇·A = 0. In this case,
the GIE operator has the following general form:
AµGIE(x) = A
µ
C(x) + ∂
µf0[E,B;x], (31)
with f0[E,B;x] satisfying (
∂2
∂t2
− κ∇2)f0 = 0. In this
case, the Euclidean transformation property of the op-
eratorAGIE will entail the corresponding transformation
7rule for the f0 operator, which restricts the possible forms
of f0. Similar to our previous discussion, one can find
that f0 should be at least quadratic in E and B and the
whole analysis we made for the temporal gauge case also
applies here. Then, the problems inherent in the tempo-
ral gauge separation schemes also exist in this case, and
we conclude that a generic GIE operator AµGIE cannot
yield a physically acceptable angular momentum separa-
tion scheme for a free electromagnetic field. Therefore,
we finally conclude that the Coulomb gauge separation
(18) is the only physically satisfactory angular momen-
tum separation scheme in the Coulomb gauge quantiza-
tion.
With the angular momentum separation problem in
the Coulomb gauge quantization completely solved, we
now come to the same problem in the GB formulation.
In the GB formulation, the Lagrangian density of the
system is modified to be
L = −
1
4
FµνF
µν −
1
2
(∂µA
µ)2 → −
1
2
∂µAν∂
µAν . (32)
As is well-known, with this modified Lagrangian density
all the four components of Aµ are treated as independent
dynamical variables and the resultant Fock space also
contains unphysical longitudinal and scalar photons. The
total angular momentum operator of the system has the
following explicit form
J =
∫
d3x
(
∂Aµ
∂t
x×∇Aµ −
∂A
∂t
×A
)
= L+ S (33)
where a split into OAM and spin contributions is clearly
shown. It can be shown that both L and S are conserved.
Using the plane wave expansion of the Aµ operator, one
can find
S = i
∫
d3k
(2π)3
{ k
|k|
(a†
k,2ak,1 − a
†
k,1ak,2) + ǫ
(1)(k)(a†
k,3ak,2
−a†
k,2ak,3) + ǫ
(2)(k)(a†
k,1ak,3 − a
†
k,3ak,1)
}
, (34)
where
(
ǫ(1)(k), ǫ(2)(k), k|k|
)
is a right-handed dreibein of
spatial polarization vectors. This spin operator contains
the contribution of three types of quanta: two kinds of
transverse photons and the longitudinal photon, which
all have spin one (the scalar photon has spin zero and
thus should not contribute). It is easy to check that,
as an operator acting on the whole photon Fock space,
the spin operator S obeys the standard angular momen-
tum algebra: [Si, Sj ] = iǫijkSk. Now let us look at the
one-photon sector H1GB which accommodates these four
types of photons. The spin operator S leaves this one-
photon sector invariant and has the explicit action:
S a†
k,0|0〉 = 0
S a†
k,1|0〉 = i
(
+
k
|k|
a†
k,2|0〉 − ǫ
(2)(k)a†
k,3|0〉
)
S a†
k,2|0〉 = i
(
−
k
|k|
a†
k,1|0〉+ ǫ
(1)(k)a†
k,3|0〉
)
S a†
k,3|0〉 = i
(
− ǫ(1)(k)a†
k,2|0〉+ ǫ
(2)(k)a†
k,1|0〉
)
.(35)
Because of this, one naturally has: [Si|H1GB , S
j |H1GB ] =
iǫijkSk|H1GB . Now, the true observable photons are
those with transverse polarizations and the correspond-
ing physical subspace H1⊥ ⊂ H1GB is spanned by the
vectors a†
k,1|0〉 and a
†
k,2|0〉. If one only concentrates on
transverse photons, one can introduce the projection of
the one-photon spin operator S|H1GB on the physical sub-
space H1⊥: Str = P⊥S|H1GBP⊥, where P⊥ is the pro-
jection operator corresponding to the physical subspace
H1⊥. The action of Str on the whole one-photon sector
H1GB is given as:
Stra
†
k,0|0〉 = 0
Stra
†
k,1|0〉 = i
k
|k|
a†
k,2|0〉
Stra
†
k,2|0〉 = −i
k
|k|
a†
k,1|0〉
Stra
†
k,3|0〉 = 0. (36)
If one introduces the usual photon states with circular
polarizations: a†
k,λ=±1|0〉 =
a
†
k,1
±ia†
k,2√
2
|0〉, then one has
Stra
†
k,λ=±1|0〉 = λ
k
|k|
a†
k,λ=±1|0〉, (37)
which agrees exactly with the action of the one-photon
spin operator Sphys, and on the physical subspace H1⊥,
one has [Sitr|H1⊥ , S
j
tr|H1⊥ ] = 0. Therefore, we conclude
that the angular momentum separation (33) has a natu-
ral correspondence with the previous one in the Coulomb
gauge quantization.
Now, one will ask a natural question: how does the
non-uniqueness problem of the gauge-invariant angular
momentum separation show itself in the case of GB for-
mulation? As to this issue, we first note that, in the GB
formulation, the gauge potential Aµ(x) contains unphys-
ical degrees of freedom and hence cannot be expressed
in terms of the field strength tensor Fµν . In fact, in the
GB formulation, it can be shown that [8], an operator
is gauge-invariant (in the sense of gauge transformation
of the c-number type: Aµ → Aµ + ∂µf , ∂µ∂
µf = 0) if
and only if its action on the vacuum state produces a
physical state. Therefore, in the GB formulation the op-
erator Aµ(x) is not an operator-valued GIE. The second
point is that in the GB formulation the total angular
momentum vector is not gauge-invariant, even not in-
variant under the restricted c-number gauge transforma-
tion Aµ −→ Aµ + ∂µf , ∂µ∂
µf = 0, hence the degree of
freedom of performing an operator-valued gauge trans-
formation Aµ −→ Aµ + ∂µf simply does not exist for
the total angular momentum operator. Because of these
two reasons, it is completely unnecessary to try to seek a
different angular momentum separation scheme using the
8usual construction of GIE in the GB formulation, and the
angular momentum separation scheme (33) is a perfect
one.
From all the above discussion, one may conclude that
for a free quantum electrodynamics without matter, the
physically correct angular momentum separation scheme,
in other words, the correct definition of the OAM and
spin operator, is essentially unique, and is determined by
the basic physical considerations.
Here, we also would give some further discussion on
this issue. We have shown that the GIE based on the
Coulomb gauge is the only consistent one in the decom-
position of the free photon angular momentum. In fact,
this reflects the uniqueness of the so-called Helmholz de-
composition, also called the transverse-longitudinal de-
composition. In the standard textbook of electromag-
netism, it is stated that the total angular momentum of
the photon cannot be decomposed into its intrinsic spin
and orbital parts so as to satisfy the gauge-invariance
and the Lorentz-invariance at the same time. One of the
important features of the familiar photon spin decom-
position is that one can discard the second requirement,
i.e. the Lorentz-invariance. This is because the measure-
ments of the photon spin and OAM are carried out in a
prescribed Lorentz frame, i.e. in the laboratory system.
Once the Lorentz frame is fixed, the total photon field can
be decomposed into the transverse and longitudinal parts
uniquely. This is assured by the uniqueness theorem due
to Helmholz. This transverse-longitudinal decomposition
is nothing but the GIE based on the Coulomb gauge. For
the free photon case (i.e., in the absence of the charged
particle sources), one can set both of A0 and A3 (the
scalar and longitudinal components of the photon) to be
zero simultaneously by using the gauge transformation.
Namely, in this case, one is left with only the two phys-
ical degrees of freedom A1⊥ and A
2
⊥ with A
0 = A3 = 0
(such a choice is called the ”helicity gauge” in Ref.[4]).
This means that the Helmholz decomposition in fact ex-
hausts all the GIEs. This fact can also be interpreted
in another way. Under the usual condition that Aµ tend
to zero sufficiently rapidly at spatial infinity, there is no
residual gauge degrees of freedom in the Coulomb gauge,
this also demonstrates the Helmholz decomposition the-
orem, i.e. the uniqueness of the transverse-longitudinal
decomposition. Then, if one further confines to the free
photon case, one can set A0 = 0 since A0 satisfies Laplace
equation ∆A0 = 0 in this free case (the longitudinal com-
ponent A3 can always be set zero by using gauge trans-
formation, irrespectively of the presence or absence of the
charged particle sources.). In this way, all these gauges,
such as the temporal gauge, the spatial axial gauge and
the LC gauge, reduce to the Coulomb gauge case. This
also demonstrates the conclusion we said above.
Now, the problem of the definition of the OAM and
spin operator for a free electromagnetic field has a defi-
nite solution. How about the angular momentum sepa-
ration for an interacting QED theory? For simplicity, we
assume the electromagnetic field is coupled with a single
flavor of Dirac fermion, which we call electron. In this
interacting field theory, a formal solution to the angular
momentum separation problem always exists by invoking
the formalism of asymptotic fields. The idea is very sim-
ple. According to the the usual assumption of asymptotic
completeness, the free-particle Fock space of in-states and
out-states coincides with the Hilbert space of the inter-
acting field theory: Hin = Hout = H, hence, if one looks
at the angular momentum separation problem on the
free-particle Fock space, a natural solution can be found,
because the structure of the free-particle Fock space Hin
and Hout is identical to that of a free field theory. In
the subsequent discussion, we choose the Coulomb gauge
quantization. In the Coulomb gauge quantization, the
angular momentum operator for the free particle (pho-
ton and electron) system (both in-states and out-states)
has the following explicit expressions:
Jas =
∫
d3x
(
ψ†asx×
∇
i
ψas + ψ
†
as
Σ
2
ψas + E
i
⊥asx×∇A
i
⊥as
+E⊥as ×A⊥as
)
= Leas + Seas + Lγas + Sγas, (38)
where the subscript ”as” stands for ”in” or ”out”. The
operator Jas thus constructed is the rotation generator
for the asymptotic free-particle fields ψas and A⊥as, and
should coincide exactly with the rotation generator for
the interpolating (interacting) fields ψ and A⊥. In the
expression (38) a split of Jas into the OAM and spin
contributions of the electron and photon fields is clearly
shown. Thus, we have two sets of angular momentum op-
erators, which describe the free electron and photon sys-
tem at the two asymptotic instants of time t→ ±∞. We
also observe that in the separation (38), the individual
photon OAM and spin operators are conserved in time:
dLγas
dt
= 0,
dSγas
dt
= 0, which is a feature of the Coulomb
gauge quantization. Now, if one recalls the connection
between the asymptotic in-fields and out-fields:
ψout(x) = S
−1ψin(x)S
A⊥out(x) = S−1A⊥in(x)S, (39)
where S is the scattering operator of the system, then one
immediately obtains the following connection between
the asymptotic photon OAM and spin operators:
Lγout = S
−1LγinS
Sγout = S
−1SγinS. (40)
From a fundamental point of view, Eq. (38) in fact pro-
vides a complete solution to the problem of angular mo-
mentum separation of this QED system because in the
remote past (or the remote future) any state of the in-
teracting field system is a linear superposition of free-
particle in-states (or out-states). Now, if we try to ob-
serve the system at a finite instant t, we need to introduce
the OAM and spin operator for the electrons and pho-
tons at this specific instant of time. To this end, we write
9the total angular momentum operator (the rotation gen-
erator) in terms of the interacting fields at this specific
instant t:
J =
∫
d3x
(
ψ†x×
∇
i
ψ + ψ†
Σ
2
ψ + Ei⊥x×∇A
i
⊥ +E⊥ ×A⊥
)
= Le(t) + Se(t) + Lγ(t) + Sγ(t), (41)
which represents a natural separation of the conserved
angular momentum operator into the OAM and spin con-
tributions of electron and photon fields at this specific
instant. Comparing the separation (41) with the corre-
sponding asymptotic field separation (38), it is seen that
these two separations have an identical structure, hence
in this sense, the finite-time separation (41) is a natural
separation scheme for the angular momentum operator
in this interacting QED theory. Then, how are these two
angular momentum separation schemes connected with
each other? To understand this point, we recall that in
conventional textbooks of quantum field theory one as-
sumes the following formal connection between the inter-
polating field and its corresponding asymptotic in-field:
ψ(x) = U−1(t)ψin(x)U(t)
A⊥(x) = U−1(t)A⊥in(x)U(t)
E⊥(x) = U−1(t)E⊥in(x)U(t), (42)
where U(t) is a time-dependent unitary operator. Here,
we have to remark that due to Haag theorem [8], this
unitary equivalence between the interacting field and
the free asymptotic in-field does not exist in a rigorous
mathematical sense. However, in the usual framework of
perturbation theory, one accepts the correctness of this
statement. If we admit this, we can show that the two
angular momentum separation schemes (41) and (38) are
connected by a time-dependent unitary transformation:
Le(t) = U
−1(t)LeinU(t)
Se(t) = U
−1(t)SeinU(t)
Lγ(t) = U
−1(t)LγinU(t)
Sγ(t) = U
−1(t)SγinU(t). (43)
With all these constructions at hand, we can say that
a formal solution to the angular momentum separation
problem of this interacting QED theory has been found.
However, in realistic situations, when stable bound states
can be formed through nontrivial interactions, such a for-
mal solution is inadequate for describing the internal spin
structure of this bound state. For example, in a the-
ory where both a phenomenological proton field and an
electron field are introduced and interact through their
couplings with the electromagnetic field, a stable bound
state, i.e., the hydrogen atom would appear in the spec-
trum of the Hamiltonian. If one tries to construct the
angular momentum separation scheme using the asymp-
totic free-particle fields, then the hydrogen atom should
be introduced as a separate (composite) particle into the
whole formalism, with its own asymptotic field. In this
case, one can describe the angular momentum separation
for this composite particle as a whole, but cannot use this
angular momentum separation scheme to analyze the in-
ternal spin structure of this bound state particle, and
the connection between the angular momentum separa-
tion scheme in terms of the interpolating fields and that
in terms of the asymptotic fields is much less clear. For
the case of non-abelian QCD theory, all the physical par-
ticles are colorless hadrons which are bound states of the
elementary quark and gluon degrees of freedom, and this
problem is especially apparent. This is just the case for
the nucleon spin decomposition problem of QCD. Within
the framework of perturbative QCD, the parton distribu-
tion functions (PDFs) in the nucleon is generally believed
to be quasi-observables, even though they are not gen-
uine observables. In particular, the so-called gluon spin
term in the decomposition is known to be related to the
first moment of the longitudinally polarized gluon dis-
tribution in the nucleon. In the nucleon spin decompo-
sition problem, a particular direction, i.e., the direction
of the nucleon momentum, plays a special role. It is
shown that [9], by invoking the physical requirement of
Lorentz-boost invariance along the direction of the par-
ent nucleon momentum, the uniqueness or nonuniqueness
problem of the decomposition of the total gluon angular
momentum has a definite solution. Once one considers
the spin decomposition of a bound state, one encounters
another problem, i.e. the existence of the two types of
complete decomposition of the nucleon spin, the decom-
position of the canonical type and of the mechanical (or
kinetic) type. In [10] it is shown that what represents the
intrinsic spin structure of the nucleon is the mechanical
type decomposition and not the canonical type decom-
position. With all these matters understood, we believe
that the investigations we made in this article can provide
some helpful knowledge for the study and understand-
ing of the angular momentum decomposition problem of
gauge field systems.
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